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A B S T R A C T
Bistability in doubly curved and twisted (helical) composite slit tubes is investigated for the first time. This work
establishes a natural extension in this area which has been focused on straight and until more recently, doubly
curved (toroidal) tubes with positive Gaussian curvature. The model developed introduces longitudinal and
transverse curvature, and twist into strips of laminated composite material. The composite is engineered to be
bistable and the second stable state determined via strain energy minimisation using the Rayleigh-Ritz method.
The strain energy is formulated as a function of curvature strains, longitudinal stretching and a variable middle
ply fibre angle of the laminate. The second stable state forms a compact and untwisted cylindrical coil with the
latter engineered by tailoring the middle ply fibre angle. A new manufacturing process capable of producing
helically curved tubes using glass-fibre/polypropylene-matrix composite is presented to verify the hypothesis of
this work. An untwisted coil enables the efficient stowage and deployment of new forms of bistable composite
tube which adhere to similar form factors as straight and toroidal ones. By embedding electrical conductors,
helical bistable composites enable new lightweight, compact and multifunctional structures for communication
and sensing applications.
1. Introduction
The work presented is motivated by developments in deployable
helical tube antennas conducted over twenty years ago [1–3]. These
deployable helical antenna concepts are now possible using bistable
materials with embedded electrical conductors, enabling potential ap-
plications in communications, remote sensing and in particular small-
satellite enabled maritime surveillance [4–6].
Bistable composite slit tubes (BCSTs) are open-section tubular
structures that can be rolled up to stow and extended to deploy, ana-
logous to tape measures, but are stable in both configurations without
the need of a support structure. These thin, lightweight and compact
materials lend themselves to deployable structure applications, in par-
ticular small-satellite subsystems, due to their extremely high packa-
ging efficiency. Bistability in composite slit tubes may be engineered by
the arrangement of fibres in each ply with respect to the longitudinal
axis i.e. deployment direction, through an antisymmetric layup.
Theoretically, bistability may be achieved using any material of suffi-
ciently high Poisson ratio and stiffness so long as a mismatch between
the fibre and matrix properties persists [7]. Also known as bistable
reeled composites, their invention and initial investigation [8] has led
to many valuable and effective applications in the security, civil en-
gineering, energy [9], mining, consumer, defence and aerospace sectors
[10].
Some of the established approaches used to model and analyse
shells [11] and BCSTs over the years have included finite element
analysis [8] to predict and characterise the rolled up configuration, and
beam models [12–14] to predict second equilibria and their stability.
Shell models [15] enabled the study of edge effects and inextensional
bending model [16] utilised the property of Gaussian curvature [17] in
developable surfaces, which remains zero everywhere, to predict BCST
coiled radius. This was achieved by parameterising the deformation of a
curved plate superimposed upon the surface of a cylinder. Recent stu-
dies have optimised the mechanical properties of the deployed state
such as natural frequency and bending stiffness by adjusting the lami-
nate properties whilst satisfying design constraints such as the bistable
coil diameter for deployable structure applications in small satellites
[18,19].
Investigating the bistability of doubly curved and twisted composite
slit tubes forms a natural extension to previous work which has been
focused on straight BCSTs [20], curved isotropic tape springs [21] and
more recently doubly curved bistable composites [22]. How the com-
posite material properties and initial shape affect the possible bistable
configurations of elastically deforming, doubly curved shells have been
investigated for piezoelectric energy harvesting [23] and morphing
applications. In energy harvesting, bistable materials enable higher
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power densities, simpler and smaller designs compared to resonant
devices. Likewise, some of the latest advances of bistable composite
material structures in aerospace applications have been focused on
tailoring morphing and snap-through behaviour for use in lighter and
simpler aircraft control surfaces [25–30]. Such morphing shell struc-
tures enable passive control methods for affecting lift whereby geo-
metry changes may be induced at a specific temperature or aero-
dynamic pressure. Similar research has achieved morphing of twisted
structures comprised of discrete elements, using two pre-stressed
flanges connected using spokes in a ‘ladder-like’ fashion to tailor de-
formation response through geometry of the flanges and the structure
[24].
Engineering more than two stable states or multistability, is ex-
tremely beneficial for expanding the design space of stiff and strong
adaptive structures. Sufficient Gaussian curvature i.e. non-developable
or doubly curved surfaces and appropriate materials selection are re-
quired to tailor the effect initial curvature produces in the multistable
behaviour of untwisted and uniformly curved shells [31,32]. The range
of bistable configurations in initially twisted shells, for example, have
been found to decrease as the degree of twist increases [33]. Conse-
quently and consistent with past BCST research, helically curved tubes
with at least one relatively large principal curvature are studied in this
work.
This work presents a detailed study of helically curved bistable
composite tubes that have: (i) initial longitudinal and transverse cur-
vature, and twist (ii) non-uniformly curved cross-section shape; (iii)
cross-sections subtending 180°; (iv) variable middle ply fibre angle and;
(v) been manufactured for experimental verification.
Doubly curved BCSTs have been successfully modelled in recent
work, introducing a second principal curvature along tubes by de-
scribing shells as the surface segments of a torus [22]. The model de-
veloped and presented here extends the doubly curved model by in-
troducing a twist to the structure, producing helically curved tubes as
shown in Fig. 1. The deployed helix is the initial, stress free state whilst
the coil is the strained, second stable state.
The paper commences with an outline of the helical tube geometry
used to derive the principal curvatures of the helical tube surface and of
the collapsed, cylindrical coil state. These are implemented into strain
energy analysis to model bistability. New manufacturing techniques are
then presented that contribute to results and discussion. The paper ends
with a conclusion and appendices, which outline key geometrical ele-
ments of the model.
2. Helical tube model
Laminated composite slit tubes are modelled as helically curved
surfaces. The helical geometry model is derived from Greschik [1,3]
and developed using recent work [22] in order to model: (i) helical
composite slit tubes (ii) polynomial trial functions for the deformed
cross-section shape; (iii) laminated composite materials and; (iv)
second equilibrium states through strain energy analysis which con-
sider variable middle ply fibre angle and moment constraints. In order
to achieve a compactly stowed coil with no twist, the middle ply fibre
angle of the laminate is allowed to vary and tailored in order to
counteract the initial twist of the helical tube.
2.1. Helical tube geometry
A toroidal or doubly curved surface may be described by sweeping a
cross-section, typically a circle, through an angle about an axis of re-
volution. Using this approach, a helix or helical surface may be de-
scribed by simultaneously translating along the axis of revolution as the
cross-section is swept about it. In this way, the doubly curved surface is
extruded and twisted out-of-plane in a corkscrew path about the axis of
revolution. The helical geometry is illustrated in Fig. 2 with the helical
tube surface, sH ( , )0 , expressed as,
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where X-Y-Z denotes the global Cartesian co-ordinate system, R0 is the
helical radius, is the swept angle about the axis of revolution, h is the
helix height, r is the cross-section radius, T is the helical global twist
curvature (Eq. (A.1)), s is the cross-section arc-length parameter, and S
is the helical spacing (vertical distance between one helical turn). The
deployed helix is the initial stress-free state, denoted subscript 0 and
expressed as sH ( , )0 . A natural relationship between torus and helix
may be established using the h parameter: when set to zero a torus is
described, when greater than zero twist curvature is introduced to the
structure and a helix is formed.
2.2. Surface curvatures of helically curved tubes
A surface in the shape of a helically curved tube has three curva-
tures: longitudinal, transverse and twist. The initial longitudinal cur-
vature — defined in the direction — is expressed as,
= +s R s sR s h( ) ( )cos ( )( )2 20 (2)
where R s( ) is the helical radius of a point on the helical tube surface as
outlined in Appendix B, s( ) is the angle between the surface normal,
sn( ), and the helical radius vector, sR( ), outlined in Appendix C.
Determining the surface curvatures of toroidal or doubly curved
tubes is possible using surface curvilinear co-ordinates comprised of
two orthogonal directions: meridian and azimuthal axes, usually re-
ferred to as the longitudinal (along the length of the tube) and trans-
verse (cross-section) directions. Similarly, this co-ordinate system may
be used for the helical tube surface, however, once the tube surface is
twisted or corkscrewed along the global Z-axis to represent a helical
tube (Fig. 2), the surface co-ordinates also become skewed and are no
longer orthogonal. As a consequence, determining the initial transverse
curvature of the helical tube, defined in the co-ordinate direction
which processes and spirals about the helical tube cross-section (Fig.
D.16), is more complex and requires an approximation for the actual
spiralling line, the details of which are presented in Appendix D. The
Fig. 1. Rendering of a deployed helical BCST (left) and coiled (right) into its
second stable state.
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effect of twisting a doubly curved tube surface and producing a skewed
co-ordinate axis on the surface requires an approach for mapping cross-
section points from the helical tube to a cylindrical surface. The spir-
alling line, effectively the helical tube cross-section, is mapped to the
cross-section of a cylindrical coil as outlined in Appendix E & F. As a
result, the initial transverse curvature is,
=s s s( ) ( )cos ( )p0 (3)
where s( )p is determined through applying Heron’s formula to the
spiralling line segment in the direction on the helical tube surface,
and s( ) is the angle between the osculating plane of s( )p and the
surface normal as shown in Appendix D.
The initial twist curvature of the helical tube is calculated by,
=s s s
s s
n v
v v
( ) ( )· ( )
| ( )|| ( )|0 (4)
where n s( ) is the normalised surface normal vector in Eq. (E.3) and
sv ( ) the mixed partial derivative of the surface, sH ( , )0 , accounting
for the offset between the s and co-ordinate axes (Appendix F), out-
lined in Appendix G.
2.3. Surface curvatures of cylindrical coils
Parameterising deformation of the helical tube cross-section is
achieved using a polynomial trial function to describe the shape of the
coil cross-section, H s( ), as shown in Eq. (5). This approach is derived
from proven methods used to model deformation of initially toroidal or
doubly curved tubes [22] with the additional consideration of twist by
mapping surface points from the helical tube surface ( -s co-ordinates)
to a cylindrical surface ( - co-ordinates). Employing this approach
used previously for doubly curved tubes is suitable given that the de-
sired second deformed state is a compact and untwisted cylinder, ex-
pressed as,
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where the swept angle parameter, , is now redundant and omitted
when modelling purely planar cross-sections in the X-Z plane, n is the
number of trial functions used, ci is the polynomial coefficient, =s¯ sw20 isthe normalised arc-length along the coil cross-section, and w0 is the
width of the helical tube cross-section.
It follows that the principal curvatures of the planar curve — the
cylindrical coil cross-section described by H s( ) — s( ) and s( ), are,
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2.4. Strain energy analysis
The strain energy generated in the helical tube when undergoing
deformation is calculated using a model derived from Iqbal [8] and
more recent work [22] and takes into account: (i) non-zero initial
longitudinal curvature; (ii) non-zero initial twist; (iii) non-uniform
transverse curvature; (iv) longitudinal stretching and; (v) variable la-
minate properties dependent upon the middle ply fibre angle, . The
bending and stretching strain energies per unit area [34] are,
=u s s s s ss
s
D( , ) 1
2
[ ( ) ( ) ( )][ ( )]
( )
( )
( )
b
(8)
Fig. 2. Helical tube geometry.
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and,
=u s s s s
s
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2
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where D and A are the bending- and extensional-stiffness matrices of
the laminated composite material, respectively. Eqs. (8) & (9) are only
valid for a symmetric laminate. Given the simplification for neglecting
transverse stretching ( ) and shear ( ), possible effects of A13 and A23
on deformation are not considered. Moreover, for shells that have a
non-zero coupling-stiffness matrix, B, i.e. where there is coupling be-
tween stretching and bending, accounting for this in an equivalent
manner may be achieved by introducing the reduced stiffness matrix,
D∗ [16],=D D B A BT 1 (10)
without changing the rest of the analysis. For practical BCSTs, D∗ is very
similar to D, and when =B 0 they are identical.
The changes in longitudinal, transverse and twist curvatures, and
longitudinal stretching are,
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where = 0 due to no twist in the cylindrical coil, and l0 and l are the
initial and deformed lengths of imaginary, parallel longitudinal ‘fibres’
in the helical co-ordinate direction (illustrated by the direction of
sv ( ) in Fig. C.15, each representing a helical line curve on the tube
surface),=l s R s s( ) ( )sec ( )0 (15)=l s s( ) H ( )X (16)
where is the swept angle of the coil, and s( ) is the ascent angle of a
point on the helical tube surface:
=s h
R s
( ) arctan
( ) (17)
The bending and stretching energies per unit length of tube are de-
termined by integrating Eqs. (8) & (9) across the surface,
= =U u s dA u s l s ds( , ) 2 ( , )· ( )b A b w b0 2 00 (18)
and,
= =U u s dA u s l s ds( , ) 2 ( , )· ( )s A s w s0 2 00 (19)
where the cross-section width, w0, is assumed constant given transverse
stretching and shear are not considered, = = 0, due to the tube
length being much greater than the width, l w0 0, and the tube cross-
section is assumed to be symmetric about the centreline at =s 0 — the
X-Y plane in Fig. 2 — hence inclusion for a factor of 2 and the limits of
integration, 0 and w /20 , are used.
2.5. Modelling bistability
Modelling the bistability of helically curved tubes undergoing
deformation to produce a compact cylindrical coils is achieved via
strain energy analysis using a constrained, non-linear multivariable
MatLab optimiser [35]. Second equilibrium configurations are de-
termined by minimising the total strain energy per unit length (den-
sity), = +U U Ut b s, with respect to the longitudinal stretching, , the
middle ply fibre angle, , and all trial function coefficients, ci:
… =+c c c c U, , , , , , 0i i n n t1 1 (20)
Given that the tube is modelled as a free body and to ensure no twist
manifests in the coiled state, two equality constraints are applied within
the optimiser. The constraints ensure the resultant transverse at the
edge, and twisting moment along the centreline of the equilibrium state
determined by the strain energy analysis are both zero,
= = = =M s w M s
2
, ( 0, ) 00 (21)
with the longitudinal, transverse and twisting moments calculated as,
=M sM s
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where A ( )13 and A ( )23 are not considered due to neglecting transverse
stretching and shear, and s( ), respectively, and given the specific
type of antisymmetric layup considered in this work, producing zero
coupling-stiffness matrix, B.
Although most layups do not lead to zero coupling-stiffness matrix
(B) due to non-symmetry such as + ° ° + ° °[ 30 / 60 / 60 / 30 ], the coupling-
stiffness matrix is taken to be zero in this work using the special anti-
symmetric case of ± ° ± °µ µ[ / ], where µ is the fibre orientation e.g.= °µ 45 . The woven/braided-fibre outer plies used i.e. ± °45 allow for
manufacturing of effectively antisymmetric layups (to achieve zero D13
and D23) that are balanced (to achieve zero A13, A23 and B matrix) e.g.± ° ± °[ 45 / 45 ] and ± ° ± °[ 45 /0/ 45 ].
3. Manufacturing
A new manufacturing technique is developed capable of forming
helical BCSTs as shown in Fig. 3. The composite materials used are
bidirectional glass-fibre braid, polypropylene (PP) resin film and uni-
directional-glass/PP prepreg with the latter used exclusively for the
middle ply of the laminate to enable tailoring of the middle ply fibre
angle. Helical tubes are manufactured in the following manner:
• Layup ± ° ° ± °[ 45 / / 45 ] glass/PP laminated composite• Form composite onto straightened flexible mandrel and wrap tightly
with polyester shrink tape — the first (transverse) curvature is in-
troduced• Integrate the composite/mandrel over a pre-curved heating element
— the second (longitudinal) curvature is introduced• Mount the composite/mandrel/heating element apparatus onto a
helical support structure — the third (twist) curvature is introduced• Mount thermocouples, secure and insulate the apparatus for pro-
cessing the sample at 190 °C for 20–25min• End processing, remove insulation and leave to cool to room tem-
perature. Once cooled remove thermocouples, shrink tape and the
helical BCST from the flexible mandrel
Outer ply fibre braid angles of 45 deg are manufactured to ensure the
highest possibility for achieving bistability in deployable laminated
composite slit tubes. (This contrasts with cross-ply laminates i.e. 0/
90 deg that are considered optimal for bistable plates.) Early BCST re-
search established bistable composites are possible to manufacture
using outer ply fibre angles of between 30 deg to 60 deg [8]. Therefore,
the helical BCSTs produced in this work of the form ± ° ° ± °[ 45 / / 45 ]
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show how the most reliably bistable helical BCSTs behave. The helical
tube sample manufactured and coiled in Fig. 3E demonstrates how a
simple bistable composite helical slit tube behaves when coiled, and
how the initial twist of the tube manifests in the coil.
When manufacturing composites it is common and difficult to avoid
sources of error which lead to discrepancies between the modelled and
manufactured samples. This is particularly the case for doubly curved
and twisted tubes. The braid and unidirectional glass-fibre angles may
vary due to the hand manufacture process and significant wrinkling of
the layup occurs upon introduction of longitudinal curvature and twist
into a straight tube, which can result in non-uniformity along the
length.
4. Results & discussion
The following results are modelled for glass/PP laminated compo-
sites with the mechanical properties in Table 1. One helical turn is
modelled for all the results presented so that the total helix height is=h S/2 where S is the helical spacing as shown in Fig. 2.
The initial curvatures of a helical tube surface are modelled and
presented in Fig. 4. The curvatures are plotted for half the cross-section
along the spiralling direction, s 0, w20 , to verify the geometry si-
mulated in the helical tube model. The tube modelled has: helical ra-
dius of =R 10 m, chosen due to the bistable behaviour observed for>R 20 m; a cross-section radius of =r 1.6 cm that subtends = ra-
dians, dimensions associated with the manufacturing capabilities of this
work; with a helix spacing of =S 1 m, chosen for the same reason as the
helical radius.
The longitudinal curvature is a maximum of= +s( 0) 0.98R r10 0 m−1 along the centreline approaching a
minimum along the top of the helical tube surface, =s( ) 0.2w20 0m−1. The longitudinal curvature is non-zero along the top and bottom
of the helical tube surface at = ±s w20 due to twist curvature. If the tube
were untwisted one would obtain = ± =s( ) 0w20 0 m−1 as was the casefor toroidal BCSTs which are planar, evident by the fact that it is pos-
sible to lay a toroidal tube flat upon a surface such as a table, or the X-Y
plane in Fig. 2.
The tube modelled has R r0 effectively resulting in constant
transverse curvature, 62.5r
1 m−1, along the spiralling co-or-
dinate direction highlighting the near circular cross-section of the he-
lical tube as illustrated in Fig. D.16. Conversely, in passing, tubes of
comparable helical and cross-section radii produce noticeably non-
uniform transverse curvature due to increased twist effect on the spir-
alling line.
The helical twist curvature is a minimum along the tube centreline,= =s( 0) 0.15280 m−1, and increases along the cross-section nearer
to the axis of revolution as expected. Galletly et al. [14] and Ventsel
et al. [36] show that the magnitude of twist curvature is proportional to
the distance to the axis of twist. In the case of the helical tube, the screw
axis acts as a proxy for the axis of twist.
The helical tube modelled in Fig. 4 is presented in Fig. 5 accom-
panied by the predicted second stable state: a coil, whose geometry is
determined via strain energy minimisation with the moment constraints
from Eq. (21) applied. A helix of one turn, =R 10 m and =S 1 m, is
modelled with its deployed shape shown in the top of Fig. 5, this helical
line is effectively the first term of Eq. (1). The helical tube cross-section
with radius =r 1.6 cm about this curve shown at point A is presented in
Fig. 3. Manufacturing helically curved composite tubes: (A) highlighting the middle ply fibre angle within the layup; (B) forming the layup onto flexible former; (C)
the apparatus is now mounted onto the helical support structure; (D) processed helical tubes and; (E) a bistable and twisted coil of ± ° ± °[ 45 / 45 ] layup.
Table 1
Glass-fibre and PP resin matrix mechanical properties modelled for laminated
composites. A variable middle ply fibre angle, , is modelled
Property Value/Range Units
Fibre modulus ×240 109 Nm−2
Fibre shear modulus ×95 109 Nm−2
Fibre Poisson’s ratio 0.22 –
Matrix modulus ×1.33 109 Nm−2
Matrix shear modulus ×4 108 Nm−2
Matrix Poisson’s ratio 0.35 –
Fibre volume fraction 0.5 –
Ply thickness ×0.21 10 3 m
Layup ± ±[ 45/ / 45] degrees
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the lower left of the figure, which is effectively the second term of Eq.
(1). This approach captures the geometry of a helically curved tube.
Upon implementing the laminated composite material properties into a
strain energy optimiser which calculates the energy produced between
relative strains of the deployed and coiled states as outlined through
Eqs. (11)–(14) and illustrated in Fig. 1, the second stable state is
Fig. 4. Initial longitudinal, transverse and twist curvatures of the helically curved tube. The helix modelled is: =R 10 m, =r 1.6 cm, =S 1 m and = .
Fig. 5. Helical BCST modelled in Fig. 4 and its second stable state (coil).
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determined and presented in the lower right of Fig. 5. The predicted
second stable state coil has a cylindrical radius of =r 1.84coil cm and a
middle ply fibre angle of = 2.19 deg, sufficient to counteract the
initial twist of the helical tube to produce an untwisted and compact
cylindrical bistable coil. The negative sign of indicates the fibre angle
to the co-ordinate axis within the laminate (recall Fig. 3) is in the
negative Z-axis direction.
Analysis of the residual moments along the coil cross-section in
Fig. 6 confirm the constraints are satisfied for the predicted second
stable state such that the transverse and twisting moments are both zero
at the edge and centreline, respectively (Eq. (21)). The effect of the
moment constraints on the in-plane strains are shown in Fig. 7. The
transverse moment approaches zero at the edge and twisting moment is
zero at the centreline satisfying the free-free BCST body conditions and
ensure an untwisted second state. These influence the residual strains
causing a build up along the cross-section near the edge resulting in a
barrel-shaped coil with a sagitta of approximately 0.4mm, 40% the
thickness of the laminate. The consequences this has on the design of
deployment mechanisms has been discussed previously for toroidal
BCSTs and in literature [3,22].
The principal curvatures in straight (zero Gaussian) and toroidal
BCSTs are observed to undergo a rotation of 90 degrees during transi-
tion from deployed to stowed. This principle is observed in helical
BCSTs. The initial transverse curvature of the deployed helical tube has
a strong effect on the coiled radius. Although the residual longitudinal
stretching in the coiled helical tube is less than 0.3%, transferring be-
tween the deployed helical tube and coiled state requires large strains
which involve non-linear geometric effects not considered in this
model, demonstrated by the mismatch between calculated and experi-
mental bistable coil radii in this work and others [8,13,14].
The total strain energy density is plotted as a function of the two
terms of the trial function, c1 and c2, in Fig. 8 (recall the trial function
expression for X(s) in Eq. (5)) with contour values ranging from 0 to
2500 Jm−1. The first term, c1, represents the BCST longitudinal radius
Fig. 6. In-plane moments of the second stable state from Fig. 5.
Fig. 7. In-plane strain of the second stable state from Figs. 5 & 6.
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or the coil radius once coiled. The second term, c2, alongside the rest of
the polynomial series express the cross-section shape. The higher-order
terms; c c,3 4, …, cn for this particular plot are determined via strain
energy minimisation (MatLab optimisation) of a BCST with parameters:=R 10 m, =r 1.6 cm, = =S, 1 m and =n 11 (Eq. (23)). These
higher-order terms are fixed whilst the strain energy density is plotted
in c1-c2 space.
= =
×
c c
c c
c c
c c
c
X
1.45 10 2.19
[ 1, 0.952] [0.28, 0.29]
1.18 6.51
13.94 18.37
14.60 6.42
1.20
optimised trial func.
1 2
3 4
5 6
7 8
9
3
(23)
An analysis of strain energy density in c1-c2 space is presented in Fig. 8
using the trial function range (for c1 and c2) and values in Eq. (23). The
contours are uniformly decreasing proportional to rcoil from 1m until in
the range 1–6 cm where a local energy minimum is observed about=r 1.84coil cm, =c 0.28292 .
The bistable region is presented in Fig. 8 to confirm the existence of
a second stable point. The total strain energy density with respect to
each trial function coefficient is presented in Fig. 9, where all eleven
terms are presented for the second stable point in Fig. 8. The bistable
state is highlighted by the red vertical line in each plot indicating the
value of that specific parameter, all of which correspond to the residual
total strain energy density of 22.08 Jm−1.
Interestingly, although the optimised coiled state is located at a
energy minima with respect to each trial function parameter which are
each geometrically determining factors, the middle ply fibre angle, ,
presents a clear outlier which is located near an energy maximum. This
state could not be considered stable as indicated by this optimisation
analysis, however, in reality a composite solution described is manu-
factured with a specific layup of fibre angles including the middle ply
angle, , which cannot be modified once produced. Therefore, this state
is indeed stable given that a helical coil of this layup will successfully
coil and remain so because it’s middle ply fibre angle is fixed to
−2.19 deg.
Recall the moment conditions from Eq. (21) must be satisfied in the
bistable state, the effect of which severely reduces the ‘solution space’
or range of possible solutions of trial functions that produce both energy
minima and satisfy the transverse-edge and twisting-centreline moment
conditions. The contour plot of the second stable region from Fig. 8 is
now plotted to include these moments in Fig. 10. The moments are
plotted as red and blue lines (transverse and twisting respectively) and
the values labelled have units of Nm. The second stable point is located
at the local energy minima and intersection of the moments being equal
to zero at their respective locations, confirming the condition is sa-
tisfied. Once again, the plot shown presents the c1-c2 space. The mo-
ments exhibit similar profiles as the strain energy density in Fig. 9 in all
parameter spaces e.g. c1-c c,3 4-c7, etc. and are zero.
The ABD stiffness matrix of the predicted, or ‘adjusted’, laminate
with layup ± ° ° ± °[ 45 / 2.19 / 45 ] in Fig. 5 is,
A B
B D
( 2.19) ( 2.19)
( 2.19) ( 2.19) (24)
=
× × ×× × ×× × × ×
×
5.22 10 2.58 10 9.40 10 0 0 0
2.58 10 2.75 10 1.04 10 0 0 0
9.40 10 1.04 10 2.58 10 0 0 0
0 0 0 1.38 1.22 3.5 10
0 0 0 1.22 1.29 0
0 0 0 3.5 10 0 1.22
7 7 5
7 7 3
5 3 7
3
3
(25)
where A, B and D have units Nm−1, N and Nm, respectively. Compared
to the ABD matrix of an ‘unadjusted’ laminate ± ° ° ± °[ 45 /0 / 45 ],
=
× ×× × ×A B
B D
(0) (0)
(0) (0)
5.23 10 2.57 10 0 0 0 0
2.57 10 2.75 10 0 0 0 0
0 0 2.58 10 0 0 0
0 0 0 1.38 1.22 0
0 0 0 1.22 1.29 0
0 0 0 0 0 1.22
7 7
7 7
7
(26)
the effect of the middle ply on the elastic behaviour of the laminate is
apparent. The ‘adjusted’ laminate (Eq. (24)) is unbalanced and no
longer antisymmetric due to the non-0/90 deg middle ply. As a result of
unbalance i.e. symmetry about the middle ply, a non-zero D13 (and<D 1023 6, which is omitted in Eq. (24)) presents a contribution from
bending-twisting coupling such that upon bending of the laminate,
twisting strains will arise. The negative sign of D13 acts to minimise the
residual twist moment and curvature of the deformed second state —
Fig. 8. Total strain energy density contour plot of a helical BCST ( =R 10 m, =r 1.6 cm, =S 1 m) in c1-c2 space — the second stable point.
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this is energetically favourable with regards to the bending strains as
can be seen in Eq. (8) when assuming the initial twist curvature of the
helically curved tube is completely mitigated in the second stable state
coil (Eq. (13)). Symmetry of the middle ply also results in non-zero A13
and A23 terms, however, these are not considered due to neglecting
transverse stretching and shear. The B matrix remains zero due to la-
minate symmetry. The absence of a fibre angle offset results in a twisted
coil as shown in Fig. 3.
The residual strain energy density, transverse-edge and centreline-
twisting moments are plotted with respect to the middle ply fibre angle
Fig. 9. Optimised helical bistable state: total strain energy density in units of Jm−1 is plotted with respect to each parameter.
Fig. 10. Total strain energy density and moments contour plot in c1-c2 space. The transverse-edge and twisting-centreline moments are plotted with red and blue lines
respectively.
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in Fig. 11. A fibre angle of = 0 deg aligns to the longitudinal axis of
the BCST. Points at which the transverse or twisting moments are zero
are marked (black dot). If both moments are zero (at their respective
locations on the coil cross-section) the fibre angles are marked on the
strain energy density plot (red dot). The first helical tube laminate
predicted to be bistable capable of producing an untwisted coil is lo-
cated at = 2.19 deg. As expected a second configuration located at= 177.81 deg which also satisfies the moment constraints. A uni-
directional ply (the middle ply) exhibits the same properties in the two
directions along its fibre direction, which are separated by exactly
180 deg thereby demonstrating the model has verified both laminates
are equivalent. The periodicity of the transverse and twisting moments
M and M is indicated by their identical profiles in the range −180 to
0 deg repeating over the range 0 to 180 deg. This observation further
concludes that the optimised middle ply fibre angle of −2.19 and
177.81 are in fact the same solution. These solutions are not located at
strain energy minima, quite the converse in fact, near maxima (also
refer to the subplot for in Fig. 9 indicating a strain energy gradient).
However, this is not a problem as previously discussed given the middle
ply fibre angle is fixed once a composite is produced. Most importantly,
the moment constraints of the optimiser are satisfied and effectively
exclude any other configurations that may otherwise correspond to
lower strain energy density states. Furthermore, the twisting moment is
asymmetric about = 0 deg, unlike the strain energy density and
transverse moment which are symmetric. This observation underlines
the directionality captured in the helical BCST model of both the twist
curvature and middle ply fibre angle.
The strain energy density in -c1 space is analysed using a polar plot
in Fig. 12. The middle ply fibre angle, , is plotted over the range −180
to 180 deg on the angular axis. The bistable coil radius i.e. c1 is plotted in
the radial axis and denoted with light-grey lines. Strain energy density
contours are plotted from 0 to 120 Jm−1 with their values indicated by
the inset colour bar. For clarity the high energy region over r0 1coil
cm is omitted. Finally, the transverse-edge (red line) and centreline
twisting-centreline (blue line) zero-value moments are plotted.
A polar plot, given the rotational symmetry observed in the strain
energy density and resultant moments with respect to the middle ply
fibre angle indicated in Fig. 11, provides useful benefit by enabling
analysis in the coil radius dimension, the c1 parameter space. Feasible
bistable states are located at any and all points in the polar plot where
both the transverse-edge and twisting-centreline moment are zero. The
moments have units of Nm. These are the constraints applied within the
MatLab optimiser and bistable states are located at the intersects of red-
blue lines. The first known solution is located at = =r2.19, 1.84coil
cm (and = =r177.81, 1.84coil cm) indicated by the black points. This
type of visualisation offers a more intuitive interpretation of the middle
ply fibre angle analysis, and although two but technically identical
solutions were observed in the previous plot, a second solution is truly
found in the polar contour. This is located at = =r68.68, 1.72coil cm
(and = =r111.32, 1.72coil cm) indicated by the red points.
In principle multiple solutions should and do exist. A middle ply
fibre angle offset from either the longitudinal or transverse axes — ei-
ther = ±0, 180 or ± 90 deg — is required to modify the laminate
stiffness to produce twisting behaviour due to deformation, sufficient to
counteract the initial twist curvature of the helical tube.
The second solution fibre angle is offset by a greater amount from
the transverse axis (21.32 deg), than the first solution from the long-
itudinal axis (2.19 deg). A magnitude difference between these offset
angles directly arises from the ratio between the tube length and width
(1m and 5 cm, respectively), approximately one magnitude difference.
This leads to a greater offset required from the transverse axis to
achieve sufficient counter-twisting behaviour such that D(-68.68) = D
(-2.19). The second solution, defined by the zero-moments intersection,
produces a smaller coil radius with lower strain energy. It is no surprise
that fibre angles aligned towards ±90 deg produce smaller coils in
BCSTs. The lower longitudinal stiffness of the = 68.68 deg solution,
such that A11(-68.68) < A11(-2.19), results in less stretching energy
generated in the coiled state.
A comparison between the straight, toroidal and helical computa-
tional models is presented in Table 2 alongside experimental results.
Samples 1–4 present model and experimental results for the bistable
coils of straight and toroidal BCSTs, extracted from [22]. The helical
model predictions are added for comparison — by simulating a pseudo-
middle ply with no mechanical properties — and show excellent
agreement with Iqbal et al.’s established model [8] and the toroidal
BCST model, however, discrepancy with experiment continues. The
Fig. 11. Effects of varying the middle ply fibre angle of the second stable state.
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identical toroidal and helical BCST model results indicate a more gen-
eralised BCST model has been developed in the form of a helical BCST
model. This computer model is capable of simulating straight, toroidal
and helical tubes. Models 1–3 in the table present the various model
predictions for straight, toroidal and helical BCSTs. Model 1 is a straight
simulated BCST with infinite longitudinal radius and zero twist. The
toroidal tube simulated in Model 2 introduces longitudinal curvature,
with Model 3 finally introducing twist curvature. The helical model is
capable of simulating a range of forms of BCST. Helical tube experi-
mental results are presented in Samples 5–7. Three helical BCST sam-
ples of dimension =R 0.350 m, =S 0.5 m, =r 1.6 cm, = and± ° ° ± °[ 45 / / 45 ] were manufactured with middle ply angle offsets of 0,
−5, and −10 deg from the longitudinal axis as shown in Fig. 13.
Sample 5, manufactured with = 0 deg, clearly demonstrates a
solution to the problem this work sets out to solve which is also shown
in Fig. 3E, that is to counteract residual twist arising in the coil due to
the initial helical tube twist, expressed by the S parameter. This parti-
cular sample produces a highly twisted and conical shaped coil. The
helical BCST model developed predicts that a ± ° ° ± °[ 45 / 9.12 / 45 ] layup
will produce a bistable coil of radius =r 1.83coil cm. This is in agreement
with the experimental observation. Samples 6 & 7 manufactured with= 5 and 10 deg respectively, agree with the helical computer
model and successfully mitigate twist in the coiled state. The smaller
coil produced by Sample 7 underlines the observation in Fig. 12 that a
greater middle ply fibre angle results in a more compact coil compared
Fig. 12. Polar contours of strain energy density (units of Jm−1) and transverse-edge (red) and twisting-centreline (blue) zero-value moments (units of Nm).
Table 2
Comparison of BCST computational models: straight tube (Iqbal et al. [8]),
toroidal tubes with positive curvature [22], helical and experiment. Note:
pseudo-middle ply; = 0 deg; = 8.14, 53.55 deg; helical BCSTs
manufactured with middle ply fibre angles of 0a , 5b and 10c deg.
Sample Initial geometry Bistable coil radius
R0 r S rIqbal rtoroidal rhelical Experimental
(deg) (cm) (cm) (m) (cm) (cm) (cm) (cm)
Sample 1 210 1.75 0 1.65 1.88 1.88★ 3.00
Sample 2 210 25.10 1.70 0 – 1.88 1.89★ 2.70
Sample 3 210 16.25 1.70 0 – 1.91 1.91★ 2.90
Sample 4 210 150 1.70 0 – 1.81 1.83★ 2–4.75
Model 1 180 1.6 0 1.83 1.84 1.85★★ –
Model 2 180 50 1.6 0 – 1.87 1.88★★ –
Model 3 180 50 1.6 1 – – 1.76★★ –
Sample 5a 180 35 1.6 0.5 – – – 1.3–2.3a
Sample 6b 180 35 1.6 0.5 – – – 1.8–2.7b
Sample 7c 180 35 1.6 0.5 – – – 1.6–2.1c
Fig. 13. Three helical BCST samples are bistable and coil twisted to varying
degrees proportional to the middle ply fibre angle. Sample labels from Table 2.
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to Sample 6. Both samples appear to mitigate twist, this may be due to
friction arising between successive surfaces of the coil undoubtedly
affect the residual twist but are neglected in this helical computer
model. The helical model predicts a second solution for bistability, a
layup of ± ° ° ± °[ 45 / 54.3 / 45 ] is predicted to produce =r 1.7coil cm— this
has not been verified through experiment.
Discrepancy between computer model and experiment may arise for
a number of reasons including: mismatch between the simulated and
manufactured mechanical properties (Table 1), non-linear geometric ef-
fects due to large strains/displacements, neglecting transverse stretching
and shear (and consequently A13 and A23), assuming a symmetrical BCST
cross-section shape about the centreline, and errors arising from the
difficulty in achieving uniform samples through hand manufacture.
A broad parametric study overview of the helical BCST design space
is presented in Fig. 14. The helical radius, =R 10 m, and cross-section
subtending angle, = , are kept constant whilst the helical spacing, S,
and helical tube cross-section radius, r, are studied to investigate their
effect on the second stable state radius, rcoil, and middle ply fibre angle,
. The results in the lower left of Fig. 14 show that is linearly pro-
portional to S for small r demonstrating the coupling that exists be-
tween the initial twist of the helical tube surface and the middle ply
fibre angle required to produce an untwisted bistable coil. The re-
quirement for the middle ply to counteract the initial twist of the tube
in the coiled state is greater for larger r i.e. >r 3.2 cm given the growing
contribution of twist strain compared to the transverse strain, this is
particularly apparent in the results in the lower right of Fig. 14.
Two types of helical tube are defined as: slender, >S R2 0 i.e. longer
(in the Z-direction) than wider (in the X-Y plane) per turn of helix and;
short, <S R2 0 i.e. wider than longer per turn of helix. A square helix,
defined as =S R2 0, distinguishes these two helical tube classifications.
For slender and larger cross-section helices e.g. =S 2 m and =r 6.4
cm the second stable state is =r 6.63coil cm and = 25.5 deg demon-
strating the necessity for a greater middle ply fibre angle to counteract
the higher initial twist of the helical tube. In shorter and smaller cross-
section helices, the bistable coil radii are larger i.e. less compact, due to
the lower middle ply angles required as shown by the plots in the lower
left and right of Fig. 14.
In short helices, the coil radius, rcoil, is proportional to the helical
tube cross-section radius, r. Conversely in slender helices, this beha-
viour is inversely proportional to the helical tube cross-section radius
and the middle ply fibre angle, , rapidly increases. These results signify
a regime change between short and slender helices characterised by the
middle ply fibre angle. Intuitively, slender helices require greater
middle ply angles to counteract high initial twist of the helical tube and
yet may produce more compact coils given the inverse relation between
fibre angle and coil radius i.e. large fibre angles produce tighter coils.
5. Conclusion
Bistability in helically curved composite slit tubes has been
Fig. 14. Effect of helical tube cross-section radius, r, and spacing, S, on the second stable state radius, rcoil, and middle ply fibre angle, . The helical radius, =R 10 m,
and cross-section angle, = , remain fixed.
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investigated by developing a model and manufacturing technique
which successfully introduce three curvatures: longitudinal, transverse
and twist into laminated composite material strips. Bistability is pre-
dicted, characterised and achievable by tailoring the middle ply fibre
angle of the laminate to counteract the initial twist curvature of the
helical tube to produce a compact and untwisted cylindrical coil. This
helical model has been shown to agree with established straight/doubly
curved BCST models by minimising the helical longitudinal curvature,
R0 , and/or the helical spacing, S 0, respectively.
A new manufacturing technique capable of introducing twist cur-
vature into toroidal tubes was developed to produce helical BCSTs for
experimental verification. The middle ply fibre angle, , was demon-
strated to be critical for counteracting initial twist, S or 0, mani-
festing itself in the coil. Second solutions for the middle ply angle, ,
were discovered using polar contour plots by analysing two moment
constraints (transverse-edge and twisting-centreline). The second solu-
tions enable more practical manufacturing of helical BCSTs given that
the first solutions are relatively impractical due to the stiff prepreg used
for the middle ply which require longitudinal cuts to allow for fibre
movement to minimise buckling during the forming process.
This work successfully demonstrates a new form of BCST which can
be used for the deployment and support structure of a new class of
directional helical antennas for sensing applications including maritime
surveillance.
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Appendix A. Global twist curvature
In a broad sense the helical parameter, T, describes the global twist curvature of a helix with radius, R0, and total height, h, as:
= +T R h102 2 (A.1)
Appendix B. Helical radius
The helical radius, R s( ), is the magnitude of the helical radius vector, sR| ( )|, which is the distance between the axis of revolution and a point on
the helical tube surface. The helical radius vector, sR( ), is = sH ( 0, )0 :
= = + +R s s R rhT rR T s
r
rR s
r
R( ) | ( )| ( ) ( ) cos 2 cos02 2 0 2 2 0 (B.1)
Appendix C. The angle
Consider the surface normal, ×s sv v( ) ( )s , and helical radius vector, sR( ), of a point on the helical tube surface, sH ( , )0 . The angle between the
planes the surface normal vector and helical radius subtend is , as shown in Fig. C.15. The cosine of the angle — as used in Eq. (2) — is:
Fig. C.15. Geometry of the angle .
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= × ××s s s sR s s sR v vv vcos ( ) ( ) [ ( ) ( )]( )| ( ) ( )|ss (C.1)
Appendix D. Components of the initial transverse curvature, 0
Consider the spiralling line in the direction on the helical tube surface as shown in Fig. D.16. The curvature of this line, s( )p , is estimated by
applying Heron’s formula [37,38] to the osculating circle passing through three successive points A B, and C on the surface which form a triangle of
sides a b, and c. Using this approach the curvature of the middle point B is found:
=s A
abc
( )
4
p B
triangle
(D.1)
The angle subtends the angle between the plane defined by points A B, and C to the surface normal at point B:
= °s s s
s s
n n
n n
( ) 90 cos ( )· ( )
| ( )|| ( )|B
ABC B B B
ABC B B B
1
(D.2)
Appendix E. Helical surface tangents and normal
The surface tangents at a point on the helical tube surface, sH ( , )0 , in the longitudinal ( ) and cross-section (s) directions are,
= = + +( ) ( )( ) ( )s s RR h r
hT
hTv
H( ) ( , )
sin
cos
sin cos cos sin
sin sin cos cos
0
s
r
s
r
s
r
s
r
0
0
0
(E.1)
and,
= =
+
+( ) ( )( ) ( )
( )
s s
s
hT
hT
R T
v H( ) ( , )
cos sin sin cos
cos cos sin sin
cos
s
s
r
s
r
s
r
s
r
s
r
0
0 (E.2)
noting that both tangent vectors are expressed only as functions of s, given that the helical tube surface is uniform in the longitudinal direction, .
The surface normal vector is the cross product of the sv ( ) and sv ( )s tangent vectors. The normalised surface normal vector is particularly useful
when calculating the initial twist curvature of the tube in Eq. (4) and is:
= ××s s ss sn v vv v( ) ( ) ( )| ( ) ( )|ss (E.3)
The mixed partial and second order derivatives, sv ( )s and sv ( ), are also required in order to calculate the initial twist curvature and are,
Fig. D.16. Geometry of the initial helical tube transverse curvature p, and angles and .
G. Knott, A. Viquerat Composite Structures 207 (2019) 711–726
724
= = +( ) ( )( ) ( )s ss
hT
hTv
H( ) ( , )
cos cos sin sin
cos sin sin cos
0
s
s
r
s
r
s
r
s
r
2 0
(E.4)
and:
= = + ++( ) ( )( ) ( )s s RR r
hT
hTv
H( ) ( , )
cos
sin
0
sin sin cos cos
sin cos cos sin
0
s
r
s
r
s
r
s
r
2 0
2
0
0
(E.5)
Appendix F. Helical-cylindrical co-ordinate system transformations
The three variables s, and used to describe both the helically curved tube surface and cylindrical coil subtend two co-ordinate systems. For the
initial helical tube, -s directions are orthogonal. For the cylindrical coil, - directions are orthogonal. Transforming between these two co-ordinate
systems is achieved by looking at , the angle between the s and lines (as shown in Fig. D.16 for point B), which is calculated as:
= °s s s
s s
v v
v v
( ) 90 cos ( )· ( )
| ( )|| ( )|
s
s
1
(F.1)
This transformation is essential in order to determine the initial twist of the helical tube surface in Eq. (4) and the principal curvatures of the
deformed helical tube — now a cylindrical coil — in Eqs. (6) & (7). This is achieved using,
= = +ss s ssvv vv( )( ) sec ( )0 1 ( )( )
s
s
s
R s h s
H
H
( , )
( , )
tan ( )
( )
0
0
2 2
(F.2)
recalling that sv ( )s and sv ( ) are the surface tangents of the helical surface (Eqs. (E.1) & (E.2)) in the -s co-ordinate system.
Appendix G. Determining the initial twist curvature, 0
The initial twist curvature calculated in Eq. (4) consists of the normalised surface normal, sn( ), and mixed partial derivative vectors, sv ( ), of the
helical surface. The surface normal is given in Eq. (E.3). The mixed partial derivative is determined by expanding Eq. (F.2) and calculated as,
= +s s s s sR s hv v v( ) ( )sec ( ) ( ) tan ( )( )s 2 2 (G.1)
where is the angle between the s and co-ordinate systems (Appendix F) and v s and v are the mixed partial derivatives from Eqs. (E.4) & (E.5).
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